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1 Introduction

In the last 30 years, physicists have tried to use the laws of quantum physics to control
complex systems, creating what we now call the "second quantum revolution". In this
quest for controllable ensembles of quantum systems, platforms like cold gases [?, 1],
exciton-polariton condensates [2, 3], superconducting circuits [4], dye-�lled cavities [4] or
in our case hot atomic vapors [5] were developed.

In this e�ervescence, quantum 
uids of light have emerged as a competitive option due
to their relative simplicity and excellent imaging capabilities comparatively to cold gases
for instance, where non-destructive measurement of the system is di�cult. In 
uids of
light, the quantum particles are photons whose control is made easy by all the knowledge
accumulated during centuries of optics. However, photons do not interact in a vacuum.
We thus need to engineer interactions between them using nonlinearities. If these inter-
actions are repulsive, the photons will behave collectively and exhibit 
uid-like behavior.
Hydrodynamical e�ects from vortex dynamics [6], dispersive shock waves [7] up to large-
scale hydrodynamical phenomena like turbulence [8] were successfully probed in 
uids of
light.

This internship report contains three sections each dedicated to a di�erent aspect of
the study: theory, experiment, and simulation. The �rst section is devoted to introducing
the theoretical concepts and description of paraxial 
uids of light. The second section
details the experimental observation of singularities in 
uids of light and the study of
their stability. The third section focuses on a simulation of the dynamics of 
uids of light
and compares its results with the experiment.
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2 Quantum 
uids of light

In this section, we will establish the theoretical basis for the concept of 
uids of light.
Light exhibiting 
uid-like behavior was studied during the last 20 years in platforms like
micro-cavity exciton polaritons [2], dye-�lled cavities [9] or photorefractive crystals [10, 11].
Core features of quantum 
uids such as super
uidity [2, 11] or Bose-Einstein condensation
[9, 3] were shown to occur in these platforms. In this work, we use a hot atomic vapor cell
as a nonlinear medium to generate a quantum 
uid of light.
To understand these phenomena, we will �rst describe the propagation of light in a non-
linear medium. We will then look at how we can formulate a mean-�eld approach to
light propagation. Finally, we will describe the di�erent singularities that can appear in a
quantum 
uid of light. The two �rst subsections rely heavily on the theoretical framework
summarized by Tangui Aladjidi in his recent PhD thesis [12].

2.1 Propagation of light in non-linear media

2.1.1 From Helmholtz Equation to Nonlinear Schr•odinger equation

Let us consider the propagation equation of an electric �eldE(r ; t) as it passes through
a medium. From Maxwell equations, we can derive the starting point of the propagation,
the so-calledHelmholtz equation , whose source term is the electric polarizationP(r ; t)
in the medium:

r 2E �
1
c2

@2E
@t2

=
1

� 0c2

@2P
@t2

(1)

with c being the speed of light and� 0 the electrical permittivity of vacuum.
The polarization �eld P describes the response of the medium to the illumination of the
incident �eld E. To account for possible nonlinearities, we expandP in a power series in
terms of E:

P(r ; t) = � 0

1X

n=1

� (n)En (r ; t): (2)

We de�ne here � (n) as the electric susceptibility of the medium. Strictly speaking,� (n) is a
n + 1 rank tensor but by taking advantage of various symmetries, one can greatly simplify
this expression [13]. Indeed, an atomic vapor iscentrosymetric and isotropic . This
eliminates all even order terms in the expansion of the susceptibility� . If we limit our
expansion to the third order (i.e the �rst non-linear order), and keep only resonant terms
oscillating at ! then the expression in the frequency domain for the electric polarization
simply becomes:

P(r ; ! ) = � 0

h
� (1) (r ; ! )E(r ; ! ) + 3 � (3) (r ; ! )jE (r ; ! )j2E(r ; ! )

i
: (3)

We can now rewrite eq.1 in terms of the amplitudeE of the �eld. Assuming a monochro-
matic light �eld, we can also simplify this amplitude by separating the envelope and
carrier wave E = 1

2(Eei!t + E� e� i!t ). Looking at the resulting equation for the envelope,
we obtain:

r 2E(r ; ! ) +
! 2

c2 [1 + � (1) (! )]E(r ; ! ) = �
3
4

! 2

c2 � (3) (! )jE(r ; ! )j2E(r ; ! ): (4)
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2.1 Propagation of light in non-linear media

If we introduce the vacuum wavenumberk0 = !=c of the laser light and the linear index of
refraction: n(! ) =

p
1 + � (1) (! ). We can thus �nally reformulate the previous equation

as follows:

r 2E(r ; ! ) + k(! )2E(r ; ! ) + i�k (! )E(r ; ! ) = �
3
4

! 2

c2 � (3) (! )jE(r ; ! )j2E(r ; ! ) (5)

where we have de�ned the medium wavenumberk(! ) = k0Re(
p

1 + � (1) ) and the linear
absorption coe�cient � = k0Im(

p
1 + � (1) ). We would still like to simplify this equation

further to gain more physical insight. For this, we rely on two crucial approximations:

ˆ The slowly varying envelope approximation : the envelopeE is a slowly varying
function of z relative to the carrier wavelength � = 2�

k0
. This allows to decouple the

transverse dynamics of the envelope and the longitudinal dynamics of the carrier
such that E(r ; z) = E(r ? ; z)eik (! )z.

ˆ The paraxial approximation : the beam will deviate only slightly from the optical
axis such that @2

z E � k@zE ' r 2
? E meaning that the Laplacian term becomes

r 2E ' � k2E + 2 ik@zE + r 2
? E

These two approximations are at the heart of the physics described in this work and high-
light the 2D+1 nature of our geometry (2 space dimensions and 1 time dimension) further
detailed in section 2.1.2.
Now in the general case, considering that the laser beam has a certain spectral exten-
sion �! , we should consider the e�ect of dispersion. However, for all of the experiments
described in this work, we use a continuous wave (CW) laser, meaning that the spectral
extent of our laser light �! is small compared to! . The e�ects of dispersion in the lon-
gitudinal axis will then be negligible compared to the evolution in the transverse plane
due to interactions. Our system can thus essentially beconsidered as 2D+1 through
translational invariance of the longitudinal dimension. Switching back to the time domain,
we obtain �nally the generic propagation equation describing our system:

i
@E
@z

= �
1

2k(! )
r 2

? E � i
�
2

E + g(r ? ; t)jEj2E: (6)

We can now introduce the non-linear interaction coe�cient g(r ; t) = k0
3� (3)

4n(! 0 ) related to the

classicalnon-linear index of refraction by n2 = 3� (3)

4� 0cRe(n(! 0 )) that has the dimension

of m2=W. We can then derive the non-linear index of refraction variation � n = n2I
where I is the �eld intensity. This allows us to link experimental parameters to the
interaction strength governing the evolution equation through the measurement of the
index of refraction change. If we also include a local variation of the index of refraction
�n (r ; z), we end up with the �nal general classical propagation equation, the so-called
non-linear Schr•odinger equation (NLSE):

i
@E
@z

= �
1

2k(! )
r 2

? E
| {z }

Kinetic

+ k(! )
�n (r ; z)
n(! 0)

E
| {z }

P otential

� i
�
2

E
| {z}

Losses

+ g(r ; t)jEj2E
| {z }
Interaction

(7)
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2.1 Propagation of light in non-linear media

Figure 1: (adapted from [12]) E�ect of the di�erent terms of the NLSE. The initial and
�nal transverse pro�les are circled by a dotted gray line. The transverse pro�les represent
the phase resulting from each term, labeled� . Here is represented the case of a negative
non-linear coe�cient n2 i.e. a defocusing non-linearity thus expanding the beam. The
kinetic energy term in blue highlights the di�raction originating from the double gradient.
The potential term in orange depicts the case of a positive�n i.e. an attractive potential.

where we decomposed the equation between all of its constituents: kinetic, potential, and
interaction terms. We will now analyze each term of this equation. Looking at eq.7, we
identify 4 di�erent terms depicted graphically in �g.1 adapted from [12]:

ˆ Kinetic energy (in blue): In the transverse direction, this term corresponds to the
curvature of the �eld and thus describes di�raction.

ˆ Potential energy (in orange): A localized index of refraction change acts as a
potential for the light �eld. Assuming a quadratic shape �n / r 2

? , a negative �n
will act as a diverging lens or repulsive potential, while a positive�n will lead to a
converging phase pro�le or attractive potential. In the case of hot atomic vapors,
we realize this potential using optical pumping of the D1 line.

ˆ Interaction energy (in green): This is the so-calledKerr term describing e�ects
such as self focusing or defocusing. It is often expressed as the non-linear index of
refraction variation � n = gjEj2=k0 or � n = n2I . In the case of a positiven2 non-
linear coe�cient, with a Gaussian intensity pro�le jEj2, this results in a negative
phase accumulated (with respect to a reference beam passing through the air) at
the high-intensity center of the beam thus focusing it. In the case of a negativen2,
the opposite e�ect occurs, and a positive phase is accumulated at the center of the
beam resulting in self-defocusing. In this work, we will not study the self-focusing
case as it is not energetically stable due to the �lamentation e�ect [14].
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2.2 Mean-�eld formulation

ˆ Losses (not represented): Linear absorption coe�cient due to the imaginary part
of the �rst order susceptibility � (1) . In this work, this refers to atomic absorption.

We will now reformulate the non-linear equation using a change of referential.

2.1.2 Comoving frame

The situation that we have is the following: we want to study the propagation of a pulse
within a dispersive medium. Within the paraxial approximation, the dynamics of the �eld
are con�ned to transverse planes moving at the group velocityvg. We are thus tempted
to exchange the role of theactual time t and the third spatial coordinate z which is an
e�ective time. We carry out this variable change by de�ning the following two new
coordinates: ane�ective time � = z=vg and an e�ective new dimension � = vgt � z.
By de�ning a new �eld  depending on the new variables such that:

E(x; y; z; t ) =  (x; y; vg�;
1
vg

(vg� + � )) : (8)

We thus retrieve a new evolution equation for the �eld  that reads:

i
vg

@ 
@�

= �
1

2k0
r 2

?  + V (r ; � ) + g(r ; � )j j2 (9)

where we have substituted the potential term k(! ) �n (r ;z)
n(! 0 ) by V(r ; � ) for clarity. This is

strongly reminiscent of the Gross-Pitaevskii equation (GPE) describing the evolution of
interacting bosons [1]. This analogy will be detailed in section 2.2.2.

2.2 Mean-�eld formulation

Having established the equations for the paraxial propagation of laser light within a non-
linear medium, we would like to explain its quantum properties by deriving a quantum
version of these equations. For this section, we will rely heavily on seminal works by
Pierre-�Elie Larr�e and Iacopo Carusotto who laid the theoretical foundations for the study
of quantum 
uids of light [15, 16]. The obvious issue in the eq.9, is the nonlinear inter-
action term that prevents simple integration of this equation. To deal with this, we want
to establish �rst a free �eld theory that studies the behavior of small amplitude quantum

uctuations on top of a classical mean-�eld (background). Secondarily, we will compare
the resulting equation to the GPE for interacting bosons.

2.2.1 Bogoliubov theory

We can look for solutions in the form of:

Ê = E0|{z}
Mean f ield

+ � Ê|{z}
F luctuations

(10)

where the 
uctuations operator obeys the usual commutation relations. We know that
the evolution of the mean-�eld is simply described by eq.7. This allows us to retrieve an
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2.2 Mean-�eld formulation

Figure 2: (from [12]) Analytical calculation of the Bogoliubov dispersion 
 B for typical
experimental parametersn2 = � 5 � 10� 9 m2/W, P0 = 1 W and w0 = 2 :35 mm. Only
the real part of the dispersion is shown here since the only imaginary part of the function
is absorption.

equation for � Ê only. As we want a free �eld theory, we will truncate to �rst order. We
are thus left with a linearized propagation for the 
uctuations [15]:

i
@�̂E
@z

= �
1

2k0
r 2

? � Ê + g(r ; z)
h
2jE0j2� Ê + E2

0 � Êy
i

� i�� Ê: (11)

As it is, direct integration of this equation is impractical. Indeed, we can rewrite it in the
form of a matrix acting on the vector ( � Ê; � Êy), but this matrix is not diagonal. We thus
use theBogoliubov transform [1] to introduce new operatorsb̂k ? called the Bogoliubov
quasi-particles. The b̂k ? operators are the eigenmodes of the evolution matrix and their
eigenvalue is the Bogoliubov dispersion [17]. The spectrum of the transformation yields:


 B(k? ) =

s
k2

?

2k0

� k2
?

2k0
+ 2gjE0j2

�
� i

�
2

: (12)

This dispersion relation is represented in �g.2 and has several major features crucial for
understanding the dynamics of quantum 
uids. It is divided into two regions separated
by the typical scale k� =

p
k0gjE0j2 = k0

p
� n = 2�

� where � is the healing length :

ˆ A linear sonic region underk� where 
 B(k? ) � csk? with cs = c
p

gjE0j2=k0 =
c
p

� n de�ning the speed of sound.

ˆ A quadratic particle-like region abovek� where 
 B(k? ) � k 2
?

2k0
.
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2.2 Mean-�eld formulation

The healing length � represents the scale under which we can no longer consider the 
uid
as a collective ensemble. The corresponding momentum scalek� represents the critical
momentum at which super
uidity breaks down. It is also has profound meaning in atomic
Bose-Einstein condensates, where excitations under the healing length kick atoms out of
the condensate [1].
The existence of sound-like excitations in 
uids of light has dramatic implications that
cannot be described well within the language of non-linear optics. Such a striking phe-
nomenon has been observed experimentally by Quentin Fontaine in [17]. We have thus
seen in this section that the photon-photon interactions that are mediated by the atom-
light interaction within the vapor introduce e�ects that go beyond classical non-linear
optics treatments, and rather fall in the phenomenology of cold atomic ensembles. With
this in mind, I will now detail this comparison with cold Bose gases to extract meaningful
insight from what has been a very successful experimental platform for quantum physics
these last twenty years.

2.2.2 Analogy with the Gross-Pitaevskii equation

It is known bosonic atoms condense below a certain critical temperature into a Bose-
Einstein condensate (BEC). Experimentally, this phenomenon is realized by cooling down
atoms in optical traps using a wide range of techniques pioneered by Claude Cohen-
Tannoudji, Steven Chu, and William Daniel Phillips granting them the 1997 Nobel Prize.
Since the �rst experimental observation of a BEC in 1995 at JILA [18], many groups
have carried out similar research to study e�ects such as super
uidity and supersolidity.
One can show [1] that the equation governing the wavefunction of atoms in a BEC is the
Gross-Pitaevskii equation (GPE):

i �h
@	
@t

=
�h2

2m
r 2	 + V 	 + gj	 j2	 (13)

where m is the atomic mass, V is the con�ning potential, g the interaction constant.
We can then use the Bogoliubov formalism as in section 2.2.1 to recover the Bogoliubov
dispersion where the energy of the Bogoliubov excitations at momentump is:

�h! (p) =

r
p2

2m

� p2

2m
+ 2g� 0

�
(14)

assuming that � 0 is the condensate density. From the dispersion relation, we can derive
the healing length � = �h=

p
2mg� 0 and the speed of soundcs =

p
g� 0=m. We now have

common units of space and speed to compare the evolution of 
uids of light and cold
atomic ensembles.
At this stage, we recall that in section 2.1.2 we introduced a basis change substituting
time and z dimensions and recovered the full 2D+1 evolution equation of the 
uid of light
described by eq.9. We notice that the NLSE in the comoving frame ismathematically
equivalent to the GPE in 2 dimensions.
We can now already identify the equivalent terms in both GPE and NLSE. In the case of
BEC, the interaction parameter is the chemical potential � = g� 0. From the comparison of
eqs.9 and 13 we �nd that the equivalent parameter for 
uids of light is �hcgjE0j2 = �h! 0� n.
To give numerical orders of magnitude, trapping frequencies in typical BEC experiments
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2.3 Singularities in quantum 
uids

are in the kHz range [19]. In our case, typical values of the non-linear dephasing are
� n � 10� 5, corresponding to a frequency in the 10 GHz range. This means that typical
interactions in a photon 
uid are seven orders of magnitudes larger than in atomic
BECs. This explains why it is possible to observe much of the same physics as Bose gases
even though the interaction times are much smaller (travel time through the Rubidium
cell is on the order of a few 100 ps compared to the millisecond to second time scale used
in cold atoms experiments).

2.3 Singularities in quantum 
uids

The NLSE is at the heart of several hydrodynamics e�ects like rogue waves, solitons[20, 2]
and vortices [21]. It is then natural to recast the previous equation 7 to a hydrodynamics
formulation. We rewrite the complex �eld of the electric �eld envelope E as follows [22]:

E(r ? ; z) =
p

� (r ? ; z)ei �( r ? ;z) : (15)

We can now de�ne the velocity of the �eld as v = c
k0

r �( r ? ; z). In this way, speed is
essentially the instantaneous wavevector of the �eld i.e. the direction in which it will evolve.
Plugging this relation into eq.7, we retrieve the well known quantum Euler equations
[22]:

@�
@z

= �
1
c

r ? (� v ) � �� (16)

@v
@z

= �
1
2c

r ? v 2 �
c
k0

r ?

�
g� �

1
2k0

r 2
?

p
�

p
�

| {z }
Quantum pressure

+ V
�

(17)

Now that we have a hydrodynamical formulation for the evolution of the �eld E, we will
describe the singularities that can exist inside this quantum 
uid.

2.3.1 Vortices

Quantum vortices are local topological defects exhibited in super
uids and superconduc-
tors. In super
uids, a quantum vortex "carries" quantized orbital angular momentum `.
We know from [23] the wavefunction for a vortex of chargè centered at the origin in polar
coordinates:

	 ` (r; � ) =
p

� 0

 
r

p
r 2 + � 2=� 2

! j` j

ei�` (18)

v ` (r; � ) =
c
k0

r � =
c
k0

`
r

u � (19)

where � 0 is the background 
uid density, � the healing length and � is a constant ' 0:82.
The density and phase of the quantum 
uid around a vortex of charge` = 1 are represented
in �g.3(a) and (b). We observe that the phase winds around a density hole at the center
of the vortex reminding the characteristics of optical vortices [24]. We plot the velocity
�eld v generated by the vortex in �g.3(c) on top of which we show a colormap ofjv j. We
obtain an irrotational 
ow as expected from 19 where velocity is orthoradial and peaks
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2.3 Singularities in quantum 
uids

at the center of the vortex. Vortices of charge` > 1 can be generated in quantum 
uids
but are shown to be unstable [25]. After a critical time, they will break into lower-charge
vortices until only a collection of ` = 1 vortices remains.

Figure 3: Numerical simulation of the wavefunction of a quantum vortex of charge` = 1:
(a) density of the wavefunction, (b) phase of the wavefunction, (c) white arrows: velocity
�eld generated by the phase gradient, background: norm of the velocity (log scale)

2.3.2 Jones-Roberts solitons

A soliton is a localized wavepacket that propagates in a �eld without deformation. It can
exist in material �elds [26], BECs [27], optical �elds [28] or even magnets [29]. We call a
soliton "bright" (resp. "dark) when it generates a peak (resp. a gap) of intensity at its
center. In 1D, solitons are stable solutions of the propagation equation. In 2D however,
solitons tend to deform and break apart due to what is commonly called the "snaking"
instability [30].

A few decades ago, a special class of dark quasi-solitons was theorized: Jones-Roberts
solitons (JRS) [31]. They are the only known class of stable dark solitonic solutions of

Figure 4: Numerical simulation of the wavefunction of a Jones-Roberts soliton: (a) den-
sity of the wavefunction, (b) phase of the wavefunction, (c) white arrows: velocity �eld
generated by the phase gradient, background: norm of the velocity (log scale)
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the NLSE in two and three dimensions. They feature a distinctive elongated elliptical
shape that allows them to travel without change of form. Observations of JRSs have been
reported in BECs but remain elusive [32]. Recently, our group has been able to generate
stable structures in 
uids of light resembling a JRS via merging two vortices of opposite
charge` (equivalently called a dipole). The wavefunction of this singularity is represented
in �g 4(a) and (b). We observe the characteristic elliptical shape for the density of the
JRS and notice that the phase doesn't present any discontinuities, contrary to vortices.
The (c) panel of �g.4 shows that the norm of the 
uid velocity increases around the center
of the JRS. If we study the merging of a vortex dipole, we notice that the direction of the

ow in the center of the dipole reverses when the two vortices merge to become a soliton.
This property will be of particular interest in section 3.3.2.
Fig.3 and 4 were obtained via a numerical solver of NLSE described in more detail in sec-
tion 4.1. We will now explain how to generate and study the dynamics of these singularities
in the context of paraxial 
uids of light.

3 Experimental realization of a quantum 
uid of light

A wide variety of platforms allow us to study the dynamics of 
uids of light. One can
think of micro-cavity exciton polaritons [2], dye-�lled cavities [9] or photorefractive crys-
tals [10, 11]. Some of the most striking features of quantum 
uids such as super
uidity
[2, 11] or Bose-Einstein condensation [9, 3] have already been observed experimentally on
these platforms. In this work, we chose to work with a hot atomic vapor cell as non-
linear media because it yields several advantages compared to photorefractive crystals or
exciton-polaritons. Indeed, the above-mentioned platforms show much lower tunability
in the nonlinearity and their properties are highly sample dependent. Additionally, hot
atomic vapor cells do not require vacuum chambers and cryostats thus allowing a simpler
implementation.
We will start this section by describing the experimental setup used in our group to ob-
serve the dynamics of the quantum 
uid of light. We will then explain how we process
the data to extract meaningful hydrodynamic observables. We will �nish by showcasing
the results of an original experiment realized during my internship on the interaction of
multivortices and Jones-Roberts solitons.

3.1 Experimental setup

Experimental observation of quantum 
uids of light is made possible by using an interfer-
ometer in a Mach-Zehnder con�guration represented in �g.5 taken from [12]. Laser light
generated by a 2W 780nm laser is �rst split in two di�erent optical paths thanks to a
polarizing beamsplitter (PBS):

ˆ A high power 
uid beam is transmitted by the PBS and re
ected on a spatial light
modulator (SLM). The SLM is controlled by a computer, it manipulates both the
amplitude and the phase of the re
ected beam allowing the impression of speci�c
wavefunctions into the beam pro�le. The 
uid beam then goes through a 4f system
serving two purposes. We use it �rstly to image the plane of the SLM onto the input
face of the rubidium cell. Secondly, a pinhole located at the focal point of the 4f
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3.2 Data processing

Figure 5: Experimental setup for quantum 
uid of light generation in hot atomic vapor

system �lters all undesired orders of di�raction resulting from the re
ection on the
SLM. The 
uid beam then penetrates a 20 cm long Rb cell stabilized at 150°C where
the nonlinear e�ects take place. At this temperature, the density of atoms inside the
cell approaches 1014 atoms/cm3. The 
uid beam is then recombined with the other
beam thanks to another PBS.

ˆ A low power reference beam is guided directly to the recombination PBS and will
act as a phase reference.

After recombination, the output plane of the Rb cell is imaged on a CCD camera by a
4f system. The reference beam is overlapped with the 
uid beam at an angle allowing to
separate the interference pattern numerically. This is the so-called "o�-axis" interferom-
etry technique detailed further in section 3.2.1. The recovery of interference is also made
easier by the large diameter of the reference beam acquired during its propagation.

3.2 Data processing

The �nal image collected by the CCD camera does not allow itself to observe the 
uid
of light. A further step of data processing is necessary to extract meaningful information
such as density� , phase �, and velocity v of the 
uid.

3.2.1 Amplitude and phase reconstruction

The intensity pattern on the camera resulting from the overlap of the 
uid and reference
beams can be written as follows:

I tot = I 
uid + I ref + 2
p

I 
uid I ref cos(k r r ? + � (r ? )) (20)

where I 
uid and I ref are respectively the intensities of the 
uid and the reference beam,k r

is the wavevector of the reference beam and� (r ? ) is the phase accumulated by the 
uid
beam at position r ? . The presence of an angle between the 
uid and the reference beam
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3.2 Data processing

Figure 6: Procedure to extract the phase of the beam out of the Rb cell. We �rst perform
a Fourier transform of the camera image, then �lter out the low-frequency part. Inverse
Fourier transform allows us to retrieve the phase. The Gaussian background can then be
removed to observe the singularities.

allows to extract the meaningful information � (r ? ) from the o�set by demodulating the
signal centered at the frequencyk r . An example of the demodulation process is represented
in �g.6 for the case of a 
ow containing two vortices. We �rst Fourier transform the image
and apply a circular mask onto the peak at frequencyk r . The resulting image is then
translated and we perform an inverse Fourier transform. The resulting �eld is now free
from any o�set component and contains all the information on the density � and phase
� of the quantum 
uid, as described in eq.15.
Due to the Gaussian intensity pro�le of the beam, the phase accumulated due to the
nonlinearity n2I at the center of the beam is di�erent from the one at the edges. To observe
the dynamics of singularities in the 
ow, it can be useful to remove that background phase
shift. To do so, we measure this shift from a Gaussian beam with no singularities and
subtract it from the previously extracted phase. This process results in a phase image
containing only signatures of the singularities and is represented in the last panel of �g.6.

3.2.2 Velocity extraction

We know from section 2.3 that we can de�ne a
uid velocity as v = c
k0

r �. However,
applying this de�nition to the measured phase would generate divergences since the phase
is periodic and suddenly jumps from 0 to 2� at many points of the 
uid. To tackle this
issue, we perform a so-called "unwrapping" of the phase that destroys these discontinuities.
Concretely, the unwrapping is done thanks to built-in Python libraries that shift the phase
by 2� when a jump is detected. After unwrapping we get a perfectly smooth phase pattern
and we use the de�nition of v to obtain the velocity �eld.
The values obtained for velocity are not meaningful by themselves. If we want to compare
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