Bachelor Thesis
Time-Resolved Phase-Sensitive Detections

for Quantum Fluids of Light

Submitted by

Marc YOUNES
Bachelor of Science
Ecole Polytechnique

ECOLE
POLYTECHNIQUE

N2 IP PARIS

Under the guidance of

Quentin GLORIEUX
Associate Professor
Laboratoire Kastler Brossel, Sorbonne Université

Physique quantique et applications

\ \Lahnratnire Kastler Brossel

ﬁ PSL % Q SORBONNE DCFOIP}%,ESEF
ENS b UNIVERSITE 2 NCE

1530




Acknowledgements

This thesis would not have been possible without the support of many individuals.

I would like to express my sincere gratitude to my supervisor, Professor Quentin Glorieux
for first and foremost his trust and support without which the project would have not
been set. His guidance, advice and help during the project were essential.

I am also particularly grateful to have had the chance to work closely with Doctoral Stu-
dent Myrann Baker Rasooli with whom I had very insightful conversations from physics
to daily life on a day-today basis.

I cannot forget to thank the rest of the Rubidium team, Postdoctoral Researcher Devang
Naik, as well as Doctoral Students Clara Piekarski, Quentin Schibler, Simon Lepleuz,
Aliz Merolle and Sukhman Singh which were always present for giving new insights and
ideas. I also extend gratitude to Doctoral Student Killian Guerrero, and the rest of the
Polaritons and Nano teams for their close help. Thank you for the amazing time. I hope
your blood sugar levels are not very high after the Lebanese sweets.

I thank ex-PhD student Tangui Aladjidi for his contributions to the NLSE Package with-
out which the numerical parts of this project would have not happened. His thesis also
served as a great pedagogical material to get used to the concepts before embarking in
this project.

I can confidently say that this thesis allowed me to learn a lot academically, but most
importantly the approach of Professor Quentin Glorieur as well as the spirit of the group
taught me values that I will always hold in my scientific journey, from laboratory ethics
to communication.

I would also like to thank Pr. Tacopo Carusotto for an interesting theoretical discussion.

Additionally, I extend my gratitude to everyone involved in the Bachelor of Science Pro-
gram, notably the people who provided the foundations for such an opportunity:

Dean Christophe Josserand, referent instructor Jean-Eric Wegrowe and third year officer
Lorraine Wowo.

I am also indebted to my family, as well as every teacher, professor and lecturer that
shared with me part of their understanding of this world. Without their guidance, the
curiosity driving me to follow this path wouldn’t have been fostered.



Abstract

Quantum fluids of light emerged recently as a way to study quantum many-body phenom-
ena. Through a mapping between the equations governing 2D quantum fluids, notably
the Gross-Pitaevskii Equation, and the Non-Linear Schrodinger Equation governing the
propagation of light in Kerr media, we can draw parallels between the two systems. In
our case, we specifically study the propagation of light through a hot rubidium vapor cell.
In such a paraxial fluid of light, the propagation direction plays the role of an effective
time. In this thesis, after exploring this mapping, we study the dynamics of vortices
which are common to both systems. Such dynamics include splitting, spontaneous and
stimulated emission of waves. Going from a linear medium (air) to a non-linear medium
(hot atomic vapor) through the cell interface suddenly increases interactions, thus driv-
ing the system out of equilibrium. This creates perturbations that we can observe in the
fluid, known as quenches. As we would be interested to study vortex dynamics in the
equilibrium case, and since we believe quenches might affect vortex dynamics, we explore
two possible ideas to eliminate these perturbations: ramping interactions adiabatically or
injecting ”antiquenches”. We also test some of the numerical tools developed by a study
of superradiance.
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1 Introduction

With the emergence of the eld of many body quantum physics, a lot of e ort has
been put to study collections of quantum particles over the past decades. One of the
most fundamental predictions was that bosonic particles would condense if they were
cooled below a critical temperature. Cooling techniques, developped by Claude Cohen-
Tannoudji, Steven Chu and William D. Phillips paved the way for experiments in this
eld and granted them the Nobel prize in 1997 [1, |2,|3]. These discoveries allowed the
observation of the theorized Bose-Einstein condensates (BEC) in 1995 by the NIST-JILA
lab [4,|5]. This phenomenon has also been tightly associated with super uidity. As the
atoms condense, they behave collectively. They are thus governed by the evolution of one
wavefunction, described by theGross-Pitaevskii Equation  (GPE) [6, [7].

The GPE is an instance of theNon-Linear Schedinger Equation (NLSE), which is

a non-linear di erential equation relevant to multiple elds of physics. In the context

of non-linear optics, the NLSE describes the evolution of electric eld envelopes in a
medium with @ non-linearity. Thus, from a mathematical perspective, the NLSE and
the GPE are basically the same. This leads to the eld oQuantum Fluids of Light

A lot of analogies can be drawn between BEC physics and non-linear optics. Because this
correspondence, one can be used to study the other. In practice, it becomes a question of
which system is easier to study. The advantage of Quantum uids of light is that optics,
being an older, well-studied eld, o ers a wide platform for ideas to test. Quantum uids

of light can be studied in di erent systems, such as in con ned geometries for example.
However, in this thesis, we work with simpler cavityless paraxial systems using hot atomic
vapor cells (speci cally, Rubidium vapors).

The work in this thesis is mainly focused on studying numerically vortex dynamics and
guenches in these systems.

In Section 2, the theoretical foundations necessary to understand the analogy between
the GPE and the NLSE is provided. Bogoliubov theory is introduced. The numerical
framework for the NLSE solver is also described.

In Section 3, the concept of vortices is explained. Some of their dynamics such as split-
ting are also explored.

In Section 4, interaction quenches are described. To study vortex dynamics rigorously,
eliminating quenches is interesting. Possible methods to achieve this are hence intro-
duced.

In Appendix A , superradiance, whose outcomes are known, is also used as a means to
test the developed numerical tools.

A lot of numerical tools have been developed during this thesis. These can be found on:
https:\ to add when github is cleaned



2 Quantum Fluids of Light

In this Section, we will focus on describing the theoretical background needed to under-
stand the mapping between the GPE and the NLSE. The numerical method used to solve
the latter will be described. Bogoliubov theory will also be brie y introduced. We will
follow similar derivation steps as Tangui Aladjidi's PhD Thesis and its references [8] as
well as the review in Ref.[9].

2.1 Light Propagation in a Non-linear Medium

For our purposes, to describe the evolution of the electric eld envelope in a Kerr medium,
it is enough to start using a classical approach. Using Maxwell's equations, it can be
shown that the propagation of an electric eldE in a medium with electronic polarization

P follows Helmholtz's equation [10]:

1@E 1 @P
2@ 2@t
wherec is the speed of light in vacuum and is the electric permittivity of vacuum.

r 2E (1)

In linear optics, it is enough to writeP = o E. However, if we assume aonlinear,
isotropic, centrosymmetric, and local medium, we can expand the polarizatiorP into
higher-order terms of the electric eldE, neglect all even-order terms, assume th& is
aligned along the direction ofE, and consider that the polarization at any given position
depends only on the electric eld at that same position. It is important to note that the
hot atomic vapors used in our case satisfy all these assumptions exclepality, which we
introduce initially for simplicity. The polarization P, which can now be described solely
by its amplitude since it is aligned with E, can therefore be expressed in the frequency
domain. In the frequency degeneratease (where only one frequency is involved) we have:

P(r;t)= o W(Er;!)+3 O(r)EMIPEr:!) 2

Now, we assume that we have amonochromatic eld, that we can achieve for example
by using a continuous wave (CW) laser (we will see shortly the implications of this
assumption for the geometry of the system):

B = 5 B + B e " | @

Injecting Eq. 2 and Eq. 3 in Eqg. 1, expanding, and ignoring terms oscillating at high
frequencies (8) that average out over the time scales of interest, we get:

r 2eqr;!) + g[1+ OONEAr;! ) = 2'0—22 @ (1)EYr; 1 )PEYr; ! ): (4)

If we decompose the refractive index in a linear part and a non-linear part n = 2n,jEj?,
we can write
(n+ nZ=1+ W+3 O@)EP )

we get by expanding, comparing the coe cients iffEj?, and ignoring terms higher than
rst order
3 ®

P—
n= 1+ @ = Ng;Np = :
0. 772 4ng

(6)



We can also include a small local variationn (r) of the index of refraction so it becomes

n:p1+ @ = ng+ n(r): (7
For experimental purposes and since it is easier to measure intensitles %"onochj2
instead ofjEj?, it is convenient to rede ne n = n,l, for n, = —nz We note that in
our system, we will only work withn, negative, known as the self defocusing case. More
explicitly, suppose we are working with a Gaussian beam. The intensity of such a beam
is higher at its center than at the edges, hence, it will experience lower refractive index
at its edges, and it will self defocus.

Now, if we de ne the msdlum wavenumber ag := —Re(p 1+ ) and the absorption
coe cient = 2kt -Im(" 1+ @), Eq. 4 becomes, assuming small losses (so we can
ignore the 2 term)

r 2E9+ k2E%+ | E°= ] ®)jEY2E" (8)

Up to this point, the propagation equation (Eg. 8) still involves, through the Laplacian
operator, 3 dimensions of space. This is where tB®wly-varying envelope approximation
and paraxial approximation play a big role in paraxial uids of light. We will see how
these approximations will reduce the system into a 2D+1 geometry, with the propagation
direction acting as an e ective time.

For this thesis, we will pick thez direction as the propagation direction. We will also use
the symbol? for the transverse k;y) plane. The approximations stated above write as:

A

slowly-varying envelope approximationEqr) = E(r,;z)eko?, for ko = ng!=c, the
envelope varies slowly along compared to =2 =k, hence decoupling tranverse
from longitudinal dynamics;

2
paraxial approximation: '_kéE %E 1, the beam deviates barely from the optical
axis.

With these approximations, it is straightfoward to see that the Laplacian term becomes
@ eikoZ:
@z

Injecting Eg. 9 in 8 and using all the de nition above, we can get the nal NLSE. Notic-
ing that k = ko+ k(r), we get the following equation describing the evolution iz, using
a reduced 2D Laplacian:

r 2E°= r 2E K3E+ 2iko (9)



Non-Linear Schmdinger Equation (NLSE)

== (10)

At some point in the derivation, we assumed that we work with a CW laser with a
negligible spectral extent. The electric eld would thus basically be a plane wave in the
z direction. We therefore get translational invariance reducing the system to a 2D+1
geometry. On the other hand, to get a 2D+1 quantum uid, we only need physical
con nement along thez direction and real-time would still act as the e ective time. We
note that if we chose to work with pulsed/non-monochromatic light, dispersion would
have modi ed the 2D+1 geometry as we would need to introduce extra terms, involving
real-time derivatives, to take it into account (see Chap. 1 of Ref. [8] for more details).
As mentioned earlier, the NLSE governing our optical system is very similar to the GPE
governing weakly interacting Bose gases, de ned as follows:

Gross-Pitaevskii Equation (GPE) in 2D

RCR—. 240 +VIO)+ g (11)
ot 2m '

whereg = % with as the s-wave scattering lengthy (r) a potential energy term (e.g.
trapping potential), and is aloss term. Our goal is to now draw the parallelisms between
the two equations. Identifying term by term, we get the following correspondences.

A

. . 1 2 2 2 . .
Di raction T 5% 557 5 Kinetic Energy
The photons acquire an an e ective masm = %o,

Cc

Absorption iz$ i Losses.

Refractive Index Spatial Modulation ko%or) $ V(r) Potential Energy
An e ective potential is de ned as V = —e ()

No

Non-Linear Refractive Index  kon,Ej*$ gj j? Interaction Energy
©) nonlinearity mediates an e ective interaction between photong = ~ckyny:

The 2D dynamics of the electric eld envelope propagating alongin a Kerr medium can
be comparable to those of the many-body wavefunction in real-time We can thus say
that the propagation direction z acts as an e ective time = £. Fixing z is equivalent
to xing time.

Figure 1: In a paraxial uid of light, the electric eld envelope of light traveling in a Kerr medium follows
the NLSE which is analogous to the GPE, with the propagation direction z acting as an e ective time

= z=c Taking transverse snapshots at specicz and superposing them would form a video of the
evolution of a quantum uid. Image adapted from Ref. [11].



2.2 Numerical analysis using a NLSE Solver

To solve numerically the NLSE, ex-PhD student Tangui Aladjidi and PhD student Clara
Piekarski developed a python packagedetailed in Ref. [8, 12].

The package uses a split-step spectral scheme to solve NLSE e ciently. We will see that
this method is matricial by essence and thus works best when working on GPU.

The rst step is to, as done in most numerical partial di erential equations solvers, dis-
cretize space and (e ective) time. The electric eld thus becomes a pixelized 2D array
Ei; = E(Xi;y;), where the distance betweerx;:; and x;, yi:1 andy; is xed by the
number of pixelsN and the cell window sizew we choose; we get a pizel size= w=N.
The simulation is also done at stepsz. The simulation precision increases when the
discretization is smaller, at the expense of higher simulation time. For most applications,
N =2048,w=20 10°m,p=9:7 10 °mand z =10 “m give a good compromise
between accurate simulations and reasonable simulation times (of the order of a minute
at maximum on the group's GPUHawking). These parameters will be the default ones
for this thesis except stated otherwise. Depending on the need, we will also crop or not
a part of the array and keep areas of interest.

In fact, the operators involved in the NLSE 10 can be split as follows:
1

% —r 3 >+ Ko N + KonojEj § E: (12)
|— —} {NZ

We thus de ne a linear D operator whose application is easy to solve in Fourier space
(due to the Laplacian) and a non-linealN operator whose application is easy to solve in
real space.

E ective time propagation for small steps hence gives

E(Z + Z) - E(z)é z (DIE(2)]*+ N [E(2)]) - (13)

Since we are dealing with operators, to exploit the usual properties of the exponential
(such as decomposing a sum in the exponent into a product of exponentials), the oper-
ators should commute, which is not straightforward here. The trick is thus to use the
Baker{Campbell{Hausdor formula after noticing that we are propagating at small steps
z to get

E(z+ z) E (z)€?PE@IgzNIEEI, (14)

Knowing this, the algorithm becomes straightforward and requires going back and forth
between Fourier and real space: 1) Fourier transform, 2) apply the linear propagator
operator term, 3) inverse Fourier transform, 4) apply the non-linear operator propagator
term and 5) loop over.

In practice, we can for example get for any integer multiple ot , 2D arrays of the electric
eld of any input that we can de ne analytically. Experimentally this is achieved using
a Spatial Light Modulator (SLM) and a camera at the end of the cell. We can then use
this to analyze intensity, phase, and any quantity related to the electric eld as seen in
Fig. 2. We note that for an electric eld at position X;,; Y, With phase ., and of the
form Eqn = Am;nei mn we de ne for simplicity the intensity, in a.u. asjEnnj.

1The documentation can be found onhttps://quantum-optics-lkb.github.io/NLSE/



Except stated otherwise, we will show images where each pixel corresponds to a coe cient;
the ticks on the axes will thus label the pixel number.

Figure 2: Intensity and Phase diagrams atz = 10cm for a Gaussian input eld o= e C+y)=wE \with
waist Wo =1:7 10 3m. The axes are labeled by pixel number, with pixel sizep = =97 10 5m.

2.2.1 Numerical Tool: Absorbing Boundary Conditions

To e ciently Fourier transform on a classical computer, the Fast Fourier Transform
(FFT) is the most known e cient algorithm. It is used in the NLSE package. However,
the FFT assumes that the input is periodic over the computational domain. In our
case, the physical problem does not always exhibit periodicity. Therefore, the FFT
enforces an arti cial periodic extension. This can lead to discontinuities at the edges
of the simulation domain, where the actual eld values abruptly transition from the
physical domain to the arti cially repeated values. Such discontinuities introduce high-
frequency components when transformed into the frequency domain, which then appear
as non-physical re ections in the spatial domain. Essentially, when a wave approaches
a boundary under these conditions, it interacts with its mirrored counterpart due to the
periodic extension, resulting in an arti cial re ection that contaminates the simulation
results. This e ect becomes highly signi cant when the window size approaches the beam
waist size as can be seen in Fig. 3.



(@)

(b)

Figure 3: Intensity and phase diagrams atz = 10cm for a gaussian background o multiplied by an input
vortex eld (r; )= pﬁe‘ of chargel = 3 and healing length =17 10 ®m (see Section 3
for more details). (a) Simula%ign for the classical NLSE code with windoww = 2wg. (b) Simulation for
the modi ed NLSE cose using the Absorbing Boundary Conditions method with an absorption width of
0:3w. For both gures, the background intensity and phase are subtracted, hence explaining the negative

intensities.

To solve this issue, two main possible solutions exist. The rst and more complex one is
known as the Perfectly Matched Layers (PML) method. However, the one that we use
is the absorbing boundary conditions method. We implement it by rst initializing all
matrix coe cients to 1. Then, we de ne an absorption width W de ned by its distance
from the boundary. The pixels, from the four sides, go from 1 to O at the boundary
following a speci ¢ parametrization (in that case we de ned it for thex direction and for
an absorption widthW ascog((x N W) ) Itis de ned similarly for y. The obtained
matrix is later multiplied by the normalized electric eld to de ne a new normalized
electric eld matrix decaying to 0 on the boundaries. Fig. 3 already shows improvements
in terms of re ections for an extreme case of small window. Fine tuning the absorption
width can yield better results.



2.3 Hydrodynamic Formulation
Since many of the dynamics we study in a quantum uids of light system are common to
uid mechanics, it is useful to adopt a hydrodynamic formulation. Using the Madelung
transform [13], we rede ne the electric eld envelope as
P
E(roi2)= " (ro;2)€ (7 (15)
The velocity of the uid would thus be de ned as

ro: (16)

Plugging Eq. 15 in Eq. 10, we get a quantum version of Euler equations:

@+}r?:(v):

@z c

@ 1 , C 1r2P- (17)
@Z"' Z:r 2V +k—0r? g +V 2—k0—p_— =0:

The last term is known as the quantum pressure term and is not present in the classical
formulation of Euler equations.

2.4 Bogoliubov Theory

In Subsection 2.2, we already explored a way to solve the NLSE numerically. The NLSE
(or equivalently GPE) can however not be solved trivially without approximations and
initial guesses. This is where Bogoliubov theory comes into play. Without detailing all
the calculations, we will show the steps to retrieve thBogoliubov dispersion relation

We will now switch to a quantum treatment. In fact, it can rigorously be shown (consult
Ref. [14, 15]) that the quantum formulation of NLSE yields the same equation, but now
with eld operators.

. 1 .
I%z: e 2E |§é+ V(r;2)E+ g(r; 2) PEE: (18)
The rst step is to consider a perturbative approach where we consider small quantum
uctuations ‘E on top of a classical mean eldg, as:

E= B+ E (19)
Injecting Eq. 19 in Eq. 18, then ignoring high order terms in the perturbation, we get:
h [
@E 1 , o N
G- A E+g(r;z) 2Ej?E+E2E i E (20)
Noticing that the uctuation operators can be expressed as
z
é(r? yz) = dk, &, (2)€k
z (21)

B(r.;2)=  dk. & (2)€" "



we get the following system

K3 = >
@ a%k? - +291|§oj i3 y gEo o a?-/k? (22)
ko 95 e T 20Ej° i3 ko
We rewrite these coupled equations
| |
& A i, B &,
. L > _—
@ &, B A iy &y, =3)
with 5
A= K24 ogE%B = gER (24)
2ko

We introduce new operators de ned, for a normalization that we choose to satisfy
uz, V¢, =1, by the system
!
&, (0 _ u,@ v h@
ay ko (Z)I B Vi, (Z) Uk, (Z) @/ ko (Z)

bG@ _ U@ ve@ ' 4@
b,@ = w@ u,@ &, ©

(25)

designed to evolve following the equations below (we want to nd new operators that are
eigenmodes of the evolution):

@, =i s(ko; 2,

& (26)
@kz? = i glkei)t,

(where g is a constant) called the Bogoliubov frequency. From the original system, we
have

i@a, = A iy &, + B, ;

(27)
Taking the z-derivative ofﬁ<? and using the above equations yields:
h [ h [
=W, A iz &, + Bayk? Vi, B &, + A i3 ayk? (28)
h [ h i
= u, A iz Vv,B &, + u,B w, A i; & :
We require this to be equal to Bﬁ<? = B U, &, Vi, ayk? . Comparing and matching
coe cients leads to the system
8
< BUk, = Uk, A iE Vk?B ;
(29)
BVk, = U, B+wv, A 5



In matrix form:
! I
u 0
g B “ = : (30)

Ay
B A+i§+ B Vi, 0

To get consistent, non-trivial solutions for this homogeneous system, the determinant of
the matrix above should vanish yielding:

S

ko? ko?

g(k->) = 2Ko 2_k0

+ 2 gjEpj? i? (31)

This is the Bogoliubov dispersion . Now that we have found the eigenmodes of our
evolution, we can think about the physics underlying this dispersion.
We identify two interesting regimes. Using Taylor expansions for the approximations:

" ke kop n, we get a linear dispersion g(k-) k?p n = ck,. Similarly to
the dispersion of so[ynd waves, this is a sonic regime, which enables us to de ne a
speed of sounds = n="n, .

R P— o . - . :
for k- ko n, we get a quadratic dispersion characteristic or particle-like sys-

k2
tems B(k?) ﬁ.
As Eq. 20 is linear, the analysis above allows us to say that the perturbations can be
written as a (discrete or continuous) superposition of modes of the form:

Uk, gk2r2 g 1 B(k2)z Vi, € ik2ro d B (ko)z. (32)

For some systems, it might be interesting to work in spherical coordinates ; ).
In fact, it can be shown? that we can expand a plane wave, for Bessel functiofs and
Y-m the spherical harmonics as:
. X X
glrirn = Cm(K2)j (K2r2)Ym(=2; ): (33)

=0 m= °

Because of symmetries of some problems, such as when a vortex exists (see Section 3), it
would thus be interesting to work in polar coordinates and look at modes that we label

by €™ (due to the spherical harmonics). We note that we chose= =2 as we work in

the transverse plane.

2As done in Lecture noteshttps://scipp.ucsc.edu/ ~haber/ph215/PlaneWaveExpansion.pdf . We
note that in the Lecture notes, the polar coordinates are de ned as €, ; ) instead of (r; ; ) like in our
case (we chose this convention for consistency with the following sections).

10



Figure 4: Theoretical Bogoliubov dispersion. When the non-linear interactions related to n are strong,
we have a sonic regime (shaded in Orange). In the opposite case, we have particle-like dispersion (shaded
in Green). Image adapted from Ref. [8].

The analysis and the Fig. 4 above also suggest that in strongly interacting regimes,
perturbations should in principle propagate at the speed of sound. This will be given a
particular interest in Section 4.

11



3 \Vortices

In this Section, we will focus on the study of vortices. After de ning them and exploring
some of their properties, we will see how even with the simplest con gurations possible
(one single or multi-charged vortex), we get complex and interesting stimulated and
spontaneous dynamics.

3.1 De nition and Properties

A vortex is de ned as topological defect around which the uid circulates due to a twist-
ing in its phase. At the core of this vortex, the uid density vanishes to account for a
phase singularity. A simple classical analogy is water spiraling down a drain. However,
unlike the continuous ow seen in classical uids, quantum vortices occur in quantized
steps. Vortex dynamics play a big role in multiple elds of physics from superconductor
physics, topological matter, BECs, high-energy physics, etc. Many interesting phenom-
ena can occur when considering multiple vortices at the same time, notably, they can
combine with other vortices, forming for example Jones-Roberts solitons [16], rearrange
themselves into a lattice [17], drive turbulent dynamics [18], etc. However, in this thesis,
we will focus on the study of one single or multi-charged vortex at most.

In this Subsection, we will follow similar steps as in Chap. 9 of the 2nd edition of the
book "Bose{Einstein Condensation in Dilute Gases" by C. J. Pethick and H. Smith [19].
For the sake of consistency with the book, we will use the notation of BECs using the ef-
fective quantities de ned in the correspondences made in Subsection 2.1. We also choose
to work in polar coordinates.

Using the hydrodynamic formulation, we can de ne the velocity of the uid as:

::: 34
vmr (34)

Unless the phase showcases a singularity (which is the case for a vortex eld), the velocity
is irrotational with r v =0.

If we assume that we have a eld with single-values, the change in its phase would be an
integer multiple of 2 around a Iclosed contour:

= r dl=2"; where 2 Z: (35)

This condition also means that the electric eld should vary asf . This gives us a
circulation quantized in units of %I:

~_. _.h
= vd=_2" =" (36)

This implies that for a distancer from the center, the azimuthal velocity is

3

vV = — (37)
mr

If © 6 0, the eld must vanish whenr ! 0. Otherwise, the kinetic energy due to this

velocity would diverge. This structure will in fact de ne a vortex. As long as we have a

eld varying as € , its phase will wind from 0 to 2 j’j times. The vanishing intensity

accounts for the unde ned phase in the center. We call such a structure a vortex of charge

". We de ne a single charge vortex foj'j = 1 and a multi-charge vortex forj’j > 1.

12



In this thesis we will always de ne the vortex eld by (r; ) = pﬁeﬁ‘ [19].

r a3
We can see in Fig. 5 characteristics of such a vortex. It is also worth to mention that
the healing length is the characteristic distance over which the uid's order parameter
recovers from the density going to zero at the core of a vortex. It sets the size of the

vortex core. Except stated otherwise, we will use vortices of size= 17 10 m.

Figure 5: Intensity and phase of a single charge vortex. The intensity at the core of the vortex is null and
recovers after the healing length which covers almost 2 pixels of size= 9:7 10 ®m, =17 10 ®'m 2p
as expected. The phase winds from 0 to 2once ( =1).

In fact, as done in Ref. [19], it can be shown that a con guration with a multi-charge
vortex of chargen is more energetic than a con guration withn single-charge vortices.
This means that a multi-charge vortex would tend to dissipate its energy and split into
multiple single-charge vortices. This e ect will be of particular interest in the following
Subsections.

3.2 Numerical Tool: Decomposition into Bogoliubov Modes in
Spherical Coordinates

As we will detail in the following subsections, looking into vortex dynamics might involve
looking into Bogoliubov modes. We are for example interested to see which modes might
be emitted in the dissipation of energy when a multi-charged vortex splits. For this
reason, a tool based on the NLSE Solver to decompose into these modes is necessary.
We have seen that a vortex eld goes ag . If we are also interested to look into
modes labeled by their orbital angular momentum (OAM)), it is interesting to work in the
spherical ; = =2; ) basis if we de ne the origin at the center of the plane of interest.
We have also seen that after running the NLSE Solver (see Subsection 2.2), we can get
2D array for xed positions z (in practice, we store this in 3D arrays where the third
dimension corresponds to the positions of interest). These arrays are however given in
cartesian coordinates. For this reason, in order to look into the™ modes, labeled by

m we need to use the following algorithm:

3Looking at Fig. 1, if we de ne a spherical coordinates system for a xed plane with azimuthal angle
and polar angle , we would always be at = =2. For convenience, from now on, we will drop the
=2 from the notation.
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" Project the array from the cartesian &;y) basis onto the polarr; basis. We now
get a 2D array where the columns are given byand the rows byr.*

" Perform a 1D Fourier transform along . We now get a 2D array where the columns
are given bym (conjugate variable to ) and the rows byr.®

~ Look at the wanted observables.The most useful observable in such cases where
we need to know which modes are favored is usually the intensity

Given this method, we can then get plots such as the one represented in Fig 6. As see in
the gure, if we inject at the input vortices of charge, we expect to see a high intensity
in the mode labeled bym = ", due to the structure of a vortex.

Figure 6: Intensity decomposition into spherical Bogoliubov modes for an input eld / 0:9 ,+0:1ek |
with the vortex being chosen of chargel = 3 and k = 8:43m . Such a plot can be used for a spectral
analysis, useful in cases such as the study of superradiance.

In Appendix A, we show how this decomposition can be used for the study of superradi-
ance (which justi es the choice of the input / 0:9 , +0:1€X) for example.

41t is important to know that as we are working with pixelized arrays, projecting into polar coordinates
is not direct. For example, in cartesiagcoordinates, we can de ne the intensity as | (x;y)dxdy. In the
polar case, we need to look, in a.u. at | (r)rdr. The method, inspired from https://stackoverflow.
com/questions/3798333/image-information-along-a-polar-coordinate-system allows in fact to
retrieve the r grid and thus, after squaring the electric eld amplitude, we can just multiply by the r grid
values and sum over the axis to get the total intensity in one mode. We also note that we are working
in a discrete case so any integral transforms into a sum.

5In practice, numerical methods for a Fourier transform such as numpy. t or cupy. t give the positive
frequencies then the positive ones. For better visualization, in the actual implementation we switch
blocks of the array to get the mode form = 0 at the center.
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3.3 Stimulated and Spontaneous Dynamics

Vortices can be driven to behave following certain dynamics, we call such casému-
lated dynamics . An example of stimulated dynamics would be sending a perturbation
(e.gev, ™ | etc.) that interacts with a vortex. These waves, scattering o the vortex
can possibly extract energy from it and be ampli ed. In this energy extraction process,
a multi-charge vortex can split to dissipate its energy. For a single charge vortex, it is
still not clear theoretically how energy dissipates, but we will see shortly that we can still
observe what we believe is an ampli cation (for a full rigorous study, quenches, which
also are perturbations in the form of Bogoliubov modes should be eliminated as they
could possibly be mistaken for ampli cation). Superradiance (see Appendix A) can be
thought of as a stimulated process.

We can also havespontaneous dynamics occuring, especially with quantum noise. In
the NLSE package, quantum noise could be possibly modeled classically using the method
explained in Ref. [20]. For now, if needed, we just add random Gaussian noise.
Considering all of the above, it is interesting to study at which levels and frequencies
of noise (quantum or classical), and at which rate (e.g. at which do we see vortices
splitting), can these dynamics happen.

A relevant analogy can be made with stimulated and spontaneous emission for atoms
where spontaneous emission is driven by vacuum uctuations whereas stimulated emis-
sion depends on the eld we send.

To study stimulated processes, sending a plane wave perturbation is a good starting point
as it can be decomposed into a superposition of many Bogoliubov modes.

(@) (b)

(€) (d)

Figure 7: (a) -(b) Stimulated dynamics at z = 0:1cm. We send an input vortex eld with a perturbation
on top of the background of the form / 0:9 , +0:1e¥ , k = 100m . (c)-(d) Spontaneous Dynamics
at z=0:1lcmwith = . For the left hand side simulations, gaussian random noise is added with an
amplitude of 1% compared to the input eld. (b) -(d) No Gaussian noise is added. For all simulations,
the vortices are of charge” = 2 and healing length =17 10 ®m ®. The background intensity is also
subtracted in all simulations.
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In the following analysis, we will consider vortices to have split in the case where there
is at least two pixels of separation in the phase.

We see from Fig. 7 that indeed, looking at the phase, when we send a perturbation, the
vortices split rapidly (at least at z = 0:1cm only). However, if we wait for spontaneous
dynamics in the current model that we implement, it is di cult to observe with certainty
the splitting of vortices even atz = 15cm (see Fig. 8).

(@) (b)

Figure 8: (a) Stimulated dynamics at z = 15cm. We send an input vortex eld with a perturbation on
top of the background of the form / 0:9 , +0:1€% |, k = 100m . (b) Spontaneous Dynamics at
z=15cmwith = . For the left hand side simulations. For all simulations, no Gaussian noise is
added, the vortices are of chargé = 2 and healing length =17 10 ®m . The background intensity
is also subtracted.

But if we wait long enough, we can see & = 65cm (which is di cult to realize experi-
mentally for usual cells of size 20n at maximum.), the splitting, even without Gaussian
noise, just from spontaneous dynamics becomes clear. In fact, we can even start seeing
it (less obviously) starting around 3@m. This hints that at least theoretically, and using

the model we have, we could possibly have spontaneous splitting of vortices.

) (b)

Figure 9: Spontaneous splitting of vortices atz = 30cm (a) and z = 65cm (b) with no noise or
perturbation added. The parameters chosen are such that we chose an initial vortex with =17 10 6,
* = 2. The simulation is done using N = 4200 pixels initially, that we crop to the center. Background
intensity and phase is subtracted.

To get images as in Fig. 7, 8, or 9, increasing the number of pixels is necessary to be
able to determine, looking at the phase, if the vortices split or not. However, this comes
at the expense of computational time. In the gures above, we use at least 4200 pixels
for the default window and then we zoom. An alternative approach, where the absorbing
boundary conditions method might come into play would be to take a smaller window
with less pixels (or take a smaller window). An interesting implementation for the future
would be to automatize the code to see if vortices split or not, by looking at the phase.
This would allow an enhanced study where we can rapidly test the change of many
parameters such as e ective propagation time, charge’, healing length , perturbation
amplitude, perturbation frequencyk and noise amplitude.
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We will now focus mainly on stimulated dynamics. As explained earlier, waves scattering

0 a vortex can be ampli ed by extracting energy from the vortex. This phenomenon
seems to happen for all the range of plane wave frequencies and vortex charges that were
tried (over more than 5 orders of magnitude for the frequencies starting fromn=1m 1).

As we will see in Section 4, inputting a vortex on top of the background alone creates
perturbations due to quenching (see left hand side of Fig.10). It is not always easy to
know what comes from quenching and what comes from an ampli cation. Nevertheless,
guenches have a characteristic rings-like shape. When we add a plane wave perturbation
traveling along they direction for a vortex of * =1 or = = 6, we can see in both cases
that an ampli cation zone can be observed.

(@) (b)

(©) (d)

Figure 10: (a) -(c) E ect of injecting a vortex on top of the background with no noise or perturbation.
Ring-like waves form due to quenching.(b) -(d) When a perturbation in the form of a plane wave with
k = 100000m ! is added, its scattering o the vortex leads to an ampli cation. Vortices of charge * = 1
(@) -(b), =6 (c)-(d) with the standard healing length were used. Background intensity and phase is
subtracted.

We usually always have ampli cation zones, however, their direction and number seems
to depend on the frequency of the plane wave injected as well as the initial vortex charge.
As can be observed in Fig. 11, when a lower spatial frequency is used, the vortices, after
splitting, reorganize in a speci c way (which might be the most energetically favorable
6) and then each vortex will create its own ampli cation zone. The more we propagate
in e ective time, the more the dark areas advance.

6An interesting phenomenon to study in such cases would be the movement of vortices. It could be
possible that after this rearrangement, they stay stable.
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